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In an earlier work by Holas ef al. [A. Holas, I.A. Howard, N.H. March. Phys. Lett. A, 310, 451
(2003)], the ground-state electron density p(r) for model two-electron spin-compensated atoms
was obtained in terms of the relative motion wave function for the case of harmonic
confinement and arbitrary interparticle interaction u(ri;). Following recent interest in the
s-wave approximation to p(r) for Coulombic potential energy e?/rj, at separation ry, between
the electrons, we here consider both harmonic interaction u(r2) proportional to 12, and also the
inverse square law 1 /r%z. The interplay between correlation and confinement clearly emerges
in such spin-compensated models of interacting inhomogeneous electron liquids.
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1. Introduction

There is currently some interest, motivated by the search for analytic forms of the
electron density p(r) in the ground state of the He atom, in the so-called s-wave
model. This was set down as early as 1962 by Temkin [1] and has independently
been studied by the present authors [2]. Somewhat different forms of this s-wave
approximation were considered in [1] and [2], and a synthesis was made in a very
recent study by Howard and March [3], aided by the use of the analytically solvable
Hookean atom [4,5] for a specific force constant. It seems of interest for the s-wave
model to explore in more detail the interplay between external potential Ve (r) and
the model electron—electron repulsion adopted. To do so, we have taken as starting
point the treatment of Holas et al. [5] for harmonic confinement, namely
2
Vel =2 (n

but general interparticle repulsion u(ry,).
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2. Moshinsky atom with V. (r) and interparticle repulsion both harmonic
To make analytical progress, we take first the case when u(r|,) is also harmonic, namely

2

(i) = %, )

which is the so-called Moshinsky atom (see, e.g., [6] and earlier references therein). The
ground-state wavefunction for the two-electron atom within this model is

(1+2K)*®

lIJ(rl 5 1'2) = 7T3/2

exp(—(2 +12)/2) exp[—(«/l F2K — 1) + 12 — 21112 cos 6) /4].
(3)

Then, again projecting out the /=0 component analytically from the Moshinsky
ground-state wavefunction, we find

Wo(ry,rm) = { —exp(rir2/2)(1 + 2K)3/8/[exp(mrlr2/2)n3/2r1r2(m— 1)]
+ exp(\/l + 2Kr1r2/2)(1 + 21(')3/8 [exp(r1r2/2)n3/2;'1r2<M— 1)]}
X eXp(—(r? + ri)(l + M) / 4). )

The exact density p(r) resulting from equation (3) is compared with its s-wave counter-
part from equation (4) in figure 1(a) for the choice K = 5, and in figure 1(b) K= 1.
In the latter case, there is good agreement, the s-wave projection already containing
0.946 of the integrated electron density (normalized to unity rather than two in both
figures la and b). As one changes the confinement relative to the interparticle interac-
tion, figure 1(a) shows a substantial difference, the terms in the density for / > 0 now
contributing 0.228 of the total integrated electron density.

3. Harmonic confinement with inverse square law repulsion u(r2)=21/r3,

As a second example in which we can vary the interplay between harmonic confinement
and ‘interelectronic’ repulsion, we choose

A
u(rp) = a0 (5)
12

which was already considered in the earlier work by Crandall ez /. [7]. This model has
also been studied very recently by Capuzzi et al. [8,9]. The symmetric spatial wave func-
tion ¥(ry,r,) then takes the form

a/2

(6)

W(ry, 1) = Cexp(—wrt) exp(—or3)[r} + 13 — 2rir; cos 6]
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Figure 1. Comparison of total radial density to /=0 radial density for the two-electron Moshinsky atom for

(a) K=5 and for (b) K = 1.
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Figure 2. Comparison of total density to /=0 density for the case of harmonic confinement with inverse

square law repulsion, here with w =1 and & = 2. Note that electron repulsion is underestimated by the s-wave
model, a Wigner ‘molecule’ being apparent in the total density plot.

where 6 is the angle between the vectors r; and rp, while « is defined by

V1+4rm/h? — 1

2

(M

One now extracts the s-(/ = 0) term, Wy(r, r;) from equation (4) by multiplying both
sides by sin 6 df and integrating over 0 to find

a)(r% + r%)
2
(r% + r% —2rr)
2rir(a+2)

Wo(ri,r2) = CCXP|:— ][(r% + 134 2mm)? = (P 413 — 2r1r2)“/2]

®)

The density p(r) derived from equation (3.2) was given by Capuzzi et al. [8,9] as

2= i 3/2 2mawr? maor?
p(»):m<—) exp(— r >|F] (3/2+a,3/2, T) ©)

h

where | F} is the confluent hypergeometric function [10]. For =1 and « =2, this
is plotted in the continuous curve of figure 2. The s-density po(r) derived from
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Figure 3. Comparison of total density to /=0 density as in figure 2, but with @ =1 and « = 4. Now, in
contrast to figure 2, both curves show fingerprints of a Wigner ‘molecule’.

equation (6) is
o) = [ Witermydr, (10)

is plotted for comparison in the same figure. The total charge contained in the s-wave
component is 0.800 of the volume integral of equation (4).

One comment that is called for on figure 2 is that the fact that the maximum of the
total density is moved away from the origin is due to the strong ‘electron—electron’
repulsion for o =2, a Wigner-like ‘molecule’ being formed as emphasized by
Capuzzi et al. [8]. As seen clearly from figure 2, the s-wave model does not capture
this feature at @« = 2. However, when the interaction strength is increased, such that
a =4, and retaining the same harmonic confinement characterized by w =1, the
s-wave density does reveal now a Wigner-like ‘molecule’ with about the same bond
length (see figure 3). However, the s-wave contribution of density po(r) only con-
tains now 0.598 of the total charge corresponding to the exact density p(r) for this
model. As a final example, figure 4 shows the choice of parameters w=1 and
a = 10. Now the s-wave density only contains 0.319 of the total charge, though
again the “Wigner molecule’ is in evidence with about the correct bond length.

4. Summary and future directions

Three examples now exist in which the common ingredient is the external potential,
reflecting harmonic confinement, but with different choices of the ‘electron—electron’
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Figure 4. Comparison of total density to /=0 density with w=1 and & = 10. A similar conclusion concern-
ing a Wigner ‘molecule’ can be drawn as in figure 2, but now the s-wave contribution contains only a modest
fraction of the total charge.

repulsion potential energy u(rj>). The major merit of the two choices treated in the
present study is that the interplay between confinement and interparticle repulsion
can be varied by changing the strength of u(r;) measured by «, relative to the confine-
ment potential energy, characterized by . For the inverse square repulsion A/},
figures 2-4 show that the influence of the s-term in the total wave function decreases
with increasing «. In particular from o =2 to 10, the integrated charge density in the
s-wave reduces from 0.800 of the total to 0.319 at o« = 10. However, provided « is
substantial, say ~4, the “Wigner molecule’ heralded by the presence of a maximum
in the particle density away from the origin has approximately the same bond length
from the total density profile and from the its s-wave counterpart.

It will be interesting to study the Hookean atom further in future, for different force
constants, for comparison with He-like two-electron atomic ions.
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